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Abstract. We prove the Hausdorff property of the Neron modle of the family of 
intermediate Jacobians which is recently defined by Green, Griffiths and Kerr assuming 
that the divisor at infinity is smooth. Using their result, this implies in this case the 
analyticity of the closure of the zero locus of an admissible normal function. The last 
assertion is also obtained by Brosnan and Pearlstein generalizing their method in the 
curve case. 



Introduction 

Let H be a polarizable variation of Z-Hodge structure of weight w < on a complex 
manifold S. Let Js(H) denote the family of intermediate Jacobians over S. A normal 
function is a hoiomorphic section of Js(H) satisfying the Griffiths transversality, and 
corresponds by a well-known theorem of Carlson [3] to an extension class of the trivial 
variation Zg by H in the abelian category of mixed Z-Hodge structures [6]. A normal 
function is called admissible [10] if the corresponding extension is an admissible variation 
of mixed Hodge structure in the sense of [9], [13]. This condition corresponds to certain 
conditions on the local monodromy and the logarithmic growth at infinity of the normal 
function, see [8]. By M. Green and P. Griffiths (see [1]) we have the following 

Conjecture 1. The zero locus of an admissible normal function is algebraic if S is algebraic 
(where w = —1). 

Let S be a smooth partial compactification of S such that D := S\ S is a divisor with 
normal crossings. Then Conjecture 1 is easily reduced to 

Conjecture 2. The closure of the zero locus of an admissible normal function in S is 
analytic (where w = —1). 

In the curve case these conjectures were solved by P. Brosnan and G. Pearlstein [1] 
where the assertion was equivalent to the discreteness of the closure. In this paper we 
prove 

Theorem 1. Assume D is smooth. If w = — 1, then Conjecture 2 is true, and moreover, 
the closure of the zero locus is contained in S if the local cohomological invariant of the 
admissible normal function is nonzero and the local monodromy of H is unipotent. The 
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same assertions hold for w < — 1 if we assume further that the local cohomological invariant 
of the admissible normal function is torsion. 

We are informed that the first assertion is also obtained by P. Brosnan and G. Pearl- 
stein generalizing their method in [1], see [2]. From Theorem 1 we can deduce 

Corollary 1. Assume S admits a smooth compactification S such that D = S \ S is 
smooth. Then Conjecture 1 holds where w = — 1. For w < — 1 it holds if furthermore the 
local cohomological invariant of the admissible normal function is torsion. 

The proof of Theorem 1 is reduced to the case where the local monodromy is unipotent. 
Let Jf (H) denote the Zucker extension of Js(H), see [14]. Let J GGK (H)° denote the 
subspace of J^(H)\d defined by the quotient of the monodromy invariant subspace. This 
is the identify component of the Neron model J GGK (H) which is recently defined by 
M. Green, P. Griffiths and M. Kerr, see [8]. Using their result, Theorem 1 is then reduced 
to the following 

Theorem 2. The Zucker extension (H) has a structure of a complex Lie group over 
S, and it is a Hausdorff topological space on a neighborhood of J GGK (H)°. 

This is essentially equivalent to Corollary (2.7) which is deduced from Theorem (2.1). 
The latter is proved by generalizing some arguments in [10] used to define the structure of 
a complex Lie group on the Zucker extension (H) in the curve case. The proof consists 
of elementary calculations for norm estimates. Note that the Zucker extension outside the 
monodromy invariant subspace is not necessarily Hausdorff, see e.g. [10], Remark 3.5 (iv). 
As a corollary we get 

Theorem 3. The Neron model of Green, Griffiths and Kerr J GGK (H) is Hausdorff where 
w = —1. 

In Section 1 we review some basic facts from the theory of Zucker extensions, admis- 
sible normal functions and limit mixed Hodge structures, and prepare some notation. In 
Section 2 we first show Theorem (2.1) on the norm estimate, and then prove Theorems 1-3. 

1. Preliminaries 

In this section we review some basic facts from the theories of Zucker extensions, admissible 
normal functions, and limit mixed Hodge structures, and prepare some notation. 

1.1. Family of intermediate Jacobians. Let S be a complex manifold of dimension n, 
and let H = ((£, F), Lz) be a polarizable variation of Z-Hodge structure of weight w < 
on S. Here (£, F) is the underlying filtered locally free sheaf and Lz is the underlying 
Z-local system. We assume that Lz is torsion-free in this paper. Let V be the vector 
bundle on S corresponding to the locally free sheaf C/F°C, and let V C V denote the 
subgroup over S corresponding to the subsheaf Lz C C/F°C where the last injectivity 
follows from the condition that the weight of H is negative. The family of intermediate 
Jacobians is defined by 

j s (H) = v/r, 
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where the quotient is set-theoretically taken fiberwise. This has a structure of a complex 
manifold over S. 

1.2. Zucker extensions. Let S be a partial compactification of S such that S and 
D := S \ S are smooth. Let j : S — > 5 denote the inclusion. Let £ be the Deligne 
extension of £ such that the eigenvalues of the residues of the logarithmic connection 
are contained in [0, 1), see [5]. By Schmid [11], the Hodge filtration F on C is uniquely 
extended to a filtration F on C such that Gr p F C are locally free (i.e. F P C = C nj*F p C). 
Let 7r : V — > 5 denote the vector bundle corresponding to the locally free sheaf C/F°C. 
Let T be the subgroup of V over S corresponding to j*Lz C C/F°C. We define the Zucker 
extension by 

J#(H) = V/f. 

We will show in Section 2 that it has a structure of a complex Lie group over S, see [10] 
for the curve case. 

Let Vd be the restriction of V over D, and V^ nv be the union of the subspaces defined 
by Ker N C £(s) := C/m s C for s £ D : where m s is the maximal ideal at s. The subspace 
of J|(H) defined by the quotient of V$ v will be denoted by Jf GK (H)°. 

1.3. Admissible normal functions. A normal function is a holomorphic section v of 
Js(H) satisfying the Griffiths transversality. By Carlson [3] it corresponds to an extension 
class of Zs by H giving a short exact sequence 

(1.3.1) 0^H^H'^Z s ^0. 

A normal function v is called admissible with respect to a partial compactification S of 
S if H' is an admissible variation of mixed Hodge structure ([9], [13]) with respect to S, 
see [10]. Here S is as in (1.2). In the unipotent monodromy case H' should satisfy the 
following two conditions: 

(i) Gr^Gr^£' are locally free. 

(ii) The relative monodromy filtration exists. 

By [8] these conditions in case w = — 1 are equivalent respectively to 

(i) ' A lifting v of v in V has logarithmic growth. 

(ii) ' The local cohomological invariant 7(f) is torsion, see also [10], Remark 1.6 (iv). 

Here the local cohomological invariant 7(f) G H 1 (S,Lz) = Ext^Zs, Lz) is defined by 
passing to the underlying short exact sequence of Z-local systems of (1.3.1) after shrinking 
S sufficiently, or by considering the 'monodromy' of a lifting v of v in V, see [8]. 

It is known that the normal function is extended to a section of the Zucker extension if 
and only if the local cohomological invariant 7(f) vanishes, see e.g. [10], Prop. 2.3 and 2.4 
(and [7] for the geometric case). For example, if the local cohomological invariant vanishes, 
then the normal function is given by the difference between two splittings o"z,o"f of the 
underlying short exact sequence of locally free sheaves of (1.3.1) 

-> C -> & -> O g -> 0, 
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where cx z is defined over Z and op is compatible with F. Moreover we have 

Theorem (Green, Griffiths, Kerr [8]). The above normal function passes through the 
subspace jf GK (H)°. 

This is proved by using the Griffiths transversality, see [8] for details. 

1.4. Limit mixed Hodge structure. From now on, assume S = A* x A n_1 and 
S = A n where A is a polydisk. Let t = (ti, £2, • • • , t n ) be the coordinate system of A n . 
Set 5" = A n_1 and t' = (£2, •••,t n )- 

Let H = ((£, F),Lz) be a polarizable variation of Z-Hodge structure of weight w < 0, 
and let (£, F) be as in (1.2). Assume the local monodromy T around £1 = is unipotent. 
Set N = logT. By Schmid [11] we have the limit mixed Hodge structure of H at 

H = (H Z , (H Q , W), (H c ; W, F)) (or (H z , W, F) to simplify the notation). 

By [5] (and [12] in the geometric case) He can be defined as 

H c = £(0)(:=£/m o £), 

where mo is the maximal ideal at 0, and F is the quotient filtration of F on C. 
For A = Z, Q, R, H A is defined by 

(1.4.1) H A = T(A* x S', (px id)* L A ), 
where 

p : A* := {z e C I Re,2 > r } -> A* 

is a universal covering defined by z h* exp(27riz) (with vq > 0) and L A = L% ®z A for 
A = Q, R. We have the isomorphism (see [5]) 

H c = H A ® A C, 

induced by the injection H A — * He associating 

(1.4.2) u = exp(-zN)u e £ to u e H A , 

where z = ^logti. Note that (1.4.2) gives a trivialization of the locally free sheaf C 
(which depends on the coordinate £1). In particular, {ui} is a basis of £ if {ui} is a basis 
ofH A . 

The weight filtration W is given by the monodromy filtration associated to iV = logT 
up to the shift by w. This is characterized by the two conditions: N(WjH A ) C Wj-iH A 
for any j, and 

(1.4.3) N l : Gr^ + ,H A Gv^Ha for % > 0. 
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If A = C, this is compatible with F (up to a shift). We may assume for the proof of 
Theorem (2.1) that (1.4.3) holds also for A = Z replacing L z if necessary (using the fact 
that the action of N on Gr^ coincides with that of T — id) . Note that 

N :(H Z ,W,F)^(H Z ,W,F)(-1) 

is a morphism of mixed Z-Hodge structures (see [6] for the Tate twist), and hence K := 
Ker N is a mixed Z-Hodge structure of weights < w. Since w < 0, we have the injectivity 
of 

K z -> K C /F°K C . 

1.5. Two splittings of the weight nitration. For A = Z, Q, R, C, set 

(1.5.1) Ga-^Gt^Ha with W k G A :=^ k Gi^H A . 

If A = C, it has the induced filtration F. We choose and fix isomorphisms compatible 
with the action of N 

(1.5.2) a R : (Gr, W) (tf R , W), a c : (G c ; W, F) (tf c ; W, F), 

inducing the identity on the graded pieces of W and such that ckr, is defined over Z. The 
existence of «c is equivalent to that of a basis (vi jPj fc) of Gr^PGrJ^i/c such that v^ Pj k 
is represented by an element of F p W w+i H c annihilated by N l+1 where PGv^ +i denotes 
the primitive part defined by Ker N l+1 C Gr^ +i . Here the problem is the annihilation by 
N l+1 , and the existence is reduced to the surjections 

N* +1 : F*W w+i _!# c -» Ff- ! - 1 ^_ J _ 3 ffc for i > 0. 

This is further reduced to the surjections 

N* +1 : F*Gt™ +jHc -» FP-'-^r^.^afTc for j < < - 1, 

and follows from (1.4.3). The argument is similar for ckq, and it induces ctR. We may 
assume for the proof of Theorem (2.1) that ctQ induces the isomorphism a z replacing 
L z if necessary. However, an is not compatible with etc unless W splits over A in a 
compatible way with the Hodge filtration F. The incompatibility is expressed by the 
injective morphism 

(1.5.3) i:=a c oa^ :(G A ,W)^(G C ,W) (A = Z,Q,R). 

1.6. Primitive decomposition. For A = Q, R, C, we have the primitive decomposition 
(1.6.1) Gt?H a = fc > o N k PGv^ +2k H A , 
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where PGt^^Ha is the primitive part defined by KeriV l+1 C Gr^ +i HA, and w is the 
weight of H. We may assume for the proof of Theorem (2.1) that (1.6.1) holds also for 
A = Z replacing L% if necessary. With the notation of (1.5.1), set 

Then we have the bigrading 

Ga = ©o<j< m G a = ©o<Km G A,k = ©o<Kj< m ^i,fc" 

This is compatible with F if A = C. Note that the GU,fc give a splitting of the kernel 
filtration K k on G A defined by Ker N h+1 . 

Since t in (1.5.3) is compatible with the action of N, there are morphisms 

• nd) __. r»M 

such that the restriction of t to is Furthermore we have 

L i,j = J2k L hJ,k Witn L i,i,kGA k , C G Ak , _ k - 

Here t^fc are compatible with the action of AT", and 
(1.6.2) t i>iifc = if k < 0. 

This is equivalent to that i preserves the kernel filtration K\~ defined by Ker N h+1 . 

1.7. Hodge decomposition. We have the Hodge decomposition 

(1-7.1) Gc = iiP (Gr^c) p ' i - p . 

This is compatible with the action of N on Gc- Set 

G c ° ■■= ie z, P <o (Grr H c f^ C G c . 

Since the Hodge decomposition is compatible with the primitive decomposition (1.6.1), we 
have 

r Y<0 — a* r Y<0 '( J ) — a* r <0 ^ 

Lr C — y7o<j<m Lr C — Vl7o<fc<7<m ^C.fe 

with G c °j} j) = G<° n G%\, etc. 

1.8. Trivialization of the vector bundle. Identifying He with Gc by «c in (1.5.2) and 
using the trivialization of C induced by (1.4.2), the subspace G c ° of Gc in (1-7) defines a 
trivialized subsheaf £ <0 of C such that 

(1.8.1) £ = £ <0 ®F°£, 
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shrinking A if necessary. This is equivalent to the trivialization 

(1.8.2) V = G<° x S. 

By (1.5.2), an element v of Gr is identified with an element of _£/r, and determines a 
multivalued section of V = V\s- Using the trivialization (1.8.2), it is expressed as 

(1.8.3) (t>(v)eG< ® c T(S,O~), 

where S = A* x S' in the notation of (1.4.1). For (z,t') G S, the value of <j>(v) at (z,t r ) 
will be denoted by <f>(v; z, t'). 

1.9. Norms. We choose and fix a norm on each complex vector space Gc°fc > *- e - there 
is a continuous map v h-> \v\ G R>o satisfying the usual relations: |u + u'| < |d| + 

| at; | = \a\ \v\ for a G C, and {\v\ = 1} is compact. We may assume that it is compatible with 
the Hodge decomposition (1.7.1) (i.e. the norm is the sum of the norm of the direct factors). 
This induces a norm on G^P compatible with the primitive and Hodge decompositions. 

For v = Eo<k<j< m 4 j) e with vl j) G G<°f\ set 

C 1 - 9 - 1 ) Hfc : = kfcl = Eo<j<m \ V k ] \ with ^ = Efc<i<m u fc } - 

We also choose and fix a norm on each real vector space PG^ +i H-R,. This induces a 
norm on Ga using the primitive decomposition (1.6.1). Let 

U = Eo<fc<i<m U k ^ = Eo<Km U k £ Gr, 

where = N i - k u ijk with u ijk G PGr^ +i # R and w fc = J2k<i<m u k • Let ^ ^ A*, and 
set 

E(Gz) '■= min{|w| : w, G Gz \ {0}}, y := Imz, 

(1.9.2) A(u, z) := Eo<fc<m = Eo<fc<i<m \ u i,k\v k > 
B(u, z) := Ei< fc < m l^fcl/" 1 = Ei<Ki< m \u i , k \y k - 1 . 

For 7/ > and r > 1, set 

(1.9.3) 2^ = {(z,t') G C x S' |0 < Re^ < l,Imz > r, < r] {j > 1)} C 5. 
In the case 5" = p£, we will denote I r}V by I r . 

1.10. Examples, (i) Assume Hz = Zeo + Zei with Aeo = ei, Aei = 0, and F° = O^e® 
(i.e. an R-split nilpotent orbit). Then V = C x A, and eo,ei are identified respectively 
with the (multivalued) functions 1 and z := ^ logt on A*. (This is the simplest example 
with multivalued 

Examples 2. H z = Ze + Zei + Z/ + Z/i s.t. 
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Ne = ei, N Sl = 0, Nf = fi, Nfr = 0, 
F° = O A v + A V! with v k = e k - if k (k = 0, 1). 
Then V = C 2 x A s.t. T <=> {(az + b,a)\a,be Z\i}}. 
So V/f is not Hausdorff. 

Indeed, (7, a) G r C V for any 7 G C, a G Z \ {0}, considering (az — ni, a) for 
z = (7 + m)/a (n > 1). 



2. Norm estimates 

In this Section we prove Theorems 1 and 2. We first show the following which is a key to 
the proof of Theorem 2. 

2.1. Theorem. i/ie notation of (1.5-9), /ei v G fl Ker N . Then there exist 

e, r\ > and r > 1 such that for any u = J2j k u k e \ ^- er ^ an< ^ f or ( z > e ^r?? ^ e 
following holds: 

(i) VFe /iai> e /or some /c > 

(2.1.1) \(j>(t(u); z,t')-v\ k > eA(u, z)/y k . 

(ii) If (2.1.1) holds for some k > 0, then u k , 7^ for some k' > k. 

2.2. Remarks, (i) Condition (2.1.1) is essentially independent of the choice of norms on 
Gc°k ^ an d PG^+iHn, replacing e if necessary. 

(ii) If u G Ker N and (2.1.1) does not hold for every k, then 

t(u) - v G F°G C , 

assuming that e is sufficiently small compared to the distance between the images of v and 
l(G z n Ker N) \ {v} in G C /F°G C - 

2.3 Proof of Theorem (2.1)(i). We start with the following 
(a) Reduction to the case of a nilpotent orbit with S' = pt. 

Using the trivialization of the vector bundle C given by (1.4.2), there is 

M(t) G Hom c (F Gc, G<°) ® c T(S, 0§), 

such that the fiber of F°C at t G S is expressed by the graph of M(t) using the following 
direct sum decomposition in the notation of (1.7): 

G c =G<°®F°G C . 

Note that M(0) = 0. Here G c is identified with H c by a c in (1.5.2). 
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By the inverse of (1.4.2), v E Gc corresponds to a multivalued section v of £, which 
is expressed as 

(2.3.1) £ fc >o N k v <g> z k /k\ e G c ® c T(S, <D~). 
Using the above decomposition, its image in V (see (1.8.3)) is given by 

(j)(y) = _ M(t)<f>"(v) e G<° ® c T(S, O-) with 
0» = E k >oPri(N k v) ® 0» = E k > Pr2(N k v) ® 

where pri : Gc — ► C c ° and pr2 : Gc - ► F°Gc are the projections associated to the above 
decomposition. By (1.6.2) we have 

|0 // (t(u);z,OU ^ CA(u,z)/y k < CA(u,z) for any < fc < m, 

where C > is independent of u,z,t' (and 1 < y < |z| < 2y because r > 1). Since 
M (0) = 0, this implies 

(2.3.2) |M(*)0"(fc(u);z,*')|k < C'(£j> for any < /e < m, 
where C" > depends only on C, M(t), and is independent of it, z, t'. Then 

\M(t)(j)"(i(u);z,t')\ k <eA(u,z)/y k for any < fc < m, 

if 1/r and rj are sufficiently small (depending only on C', m and e). So we may replace cf> 
and £ in (2.1.1) by (/)' and 2e respectively. Thus the assertion is reduced to the case H is a 
nilpotent orbit, where M(t) = and <fi" = 0. (Note that a variation of Hodge structure is 
a nilpotent orbit if and only if there is a basis {vi} of Hz <8> C such that the xii in (1.4.2) 
give generators of @ p Gr^X.) Then we may assume moreover 

S' = pt, S = A*. 

From now on, 0(i(it); z, t') will be denoted by (f)(c(u), z). 
(b) Reduction to the case: = for k ^ 0. 

For any E G^p and 2; G I r , we have 

(2.3.3) \<KHj,k(u U) )>*)\k> < C"A(u^,z)/y k+k ', 

where C" > is independent of z. So the assertion is reduced to the desired case by 
the same argument as above. In particular, we get 

Hj = if % < j, 

and Li j are graded morphisms (up to the shift by % — j). 
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(c) Reduction to the case: Gr = G R ^ . 

Let v = v ^ be the decomposition such that G Gq) fl Ker A. Assume the assertion 
is true for each (G R , G^ , t^, v^). Then there exist e',r' > such that for any ijM g 
G^ \ Ker A and z e I r >, we have 

(2.3.4) - v^\ k{i) > s'A(u^,z)/y k ^ for some k(i) > 0, 

where may depend on i. However, s', r' are independent of % (taking the minimum of 
e and the maximum of r for 1). 

Assume on the other hand the assertion is false for (Gr, Gc, v). Then, for any 
£, r > 0, there exist u = £V vS 1 ' G Gz \ Ker A and z £ I r such that 

z) — v \k < eA(u, z)/y k for any k > 0. 

By (2.3.3) with k = and fc' replaced by fc, we get 

|0(^(M W ),2;)| fe < CijA(u ij \z)/y k for any i,j,fc, 

where Cij > is independent of t^- 7 - 1 , 2. We have furthermore for any i,j, k 

|0Mu<*>), *) - w «| fc < z) - + Ei« I0(^(« O) )^)U- 

In case (2.3.4) holds for i, we get thus 

(2.3.5) e'^^^evlKzl + ^V^V). 

Here we do not necessarily assume £ Ker A. Note that (2.3.4) does not hold only in 
the case G Ker A with tj^iiW) = uW mod F° (assuming e' sufficiently small). In 
this case we have A(u^\z) = \u^\, and this can be bounded essentially by \v^ \ using the 
injectivity of 

Gz n Ker A — > Gc/F - 

Since w G Gz \Ker A, we see that (2.3.5) holds also in this case if we assume in the notation 
of (1.9.2) r is sufficiently large compared to 

e'\v^\/eE(G z ). 

Thus (2.3.5) holds for any i. This contradicts the following if e is sufficiently small, where 
at = A(u&,z), C'ij = /J, and e" = e/e'. 

Sublemma. Let C[ • be positive numbers for < j < i < m. Then there exists a positive 
number e" < 1/2 such that for any nonnegative numbers ai (0 < % < m) , the following 
condition implies a, = : 

a* < a i) + Ej<i Cijaj for < z < m. 
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Proof. The condition for i = implies 

a < 2e"(52 j>0 aj), 

and hence 

a* < Be"(J2 j>0 a j) + Eo<i<i c 'i,j a 3 for 1 < * < 
where B > depends only on the C' i . So the assertion follows by induction on m. 

Thus the assertion is reduced to the case Gr = Gj£. 
(d) Reduction to the case: dim PGr^ +i H R = 1 or 2. 

We replace the assertion by the following which implies Theorem (2.1) (i) by the above 
arguments, since u G Gz belongs to Ker N if we have in the notation of (1.9.2) 

B(u,z) < A(u,z)/r < C v /r < E(G Z ). 

2.4. Proposition. With the above notation, assume H is a nilpotent orbit on S = A* , 

Gr = G R for some i, and H,j,k = for k ^ 0. Then, for v E G^P fl Ker iV ; there exist 

C v , e > andr > max.(C v /E(Gz), 1) such that for any u = J2j k u k e ^ R an d for z e I r , 
we have 

A(u,z) < C v , 

if the following condition is satisfied for any k > : 

(2.4.1) \ ( j>(t(u),z)-v\k<sA(u,z)/y k . 

Proof. Since the assertion depends only on the underlying variation of R-Hodge structure, 
we may assume that H is defined only over R (forgetting the Q-structure). Furthermore, 
if H = H' © H" and the assertion holds for H', H", then the assertion also holds for H 
(modifying s if necessary) . Indeed, for u = u' + u" and v = v' + v" with u', v' coming from 
H' and similarly for u", v", we have 

\(f)(t(u'), z) - v'\ k < \(f>(t(u), z) - v\ k < 2eA(u', z)/y k , 

if A(u',z) > A(u",z). Thus the assertion is reduced to the case dim PG^ +i H-R, = 1 or 
2. In the two-dimensional case, take a basis (v,v) of PGr^ +i Hc which is compatible with 
the Hodge decomposition. Then av + a'v is real if and only if a = a'. Using (2.3.1), the 
image of u = J2o<k<i N % ~ k Uk G Gr is then expressed as 

{d k f{ Z )/dz\ d k f(z)/dz k ) <k<r, 

if f( z ) = T l o<k<i a kZ k /k\ with a k v + d k v = u k , 

where f(z) = f(z). So the assertion is reduced to the following (where we assume f = f 
and ni = ?7-2 in the case dimPGr|^_ J7r = 1). 
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2.5 Lemma. Let n,ni,n 2 be nonnegative integers such that n\ + n 2 > n. Let C[z]- n be 
the set of polynomials of degree < n. For f G C[z] and z$ G C, set yo := Imzo, and 

Mf,z ) :=E k >o\(d k f/dz k )(0)\y k . 

Then for any a, a' G C, there exist C ajCL ',e > 0, r > 1 such that for any f(z) G C[z]- n and 
zq G I r , we have 

A{f,z ) < C a , a ,, 
if the following conditions are satisfied. 

\(d k (f - a)/dz k )(z )\ < eA(f,z )/y k for any < k < n u 
\(d k (f - a')/dz k )(z )\ < eA(f,z )/y k for any < k < n 2 . 

Proof. Note first that y < \z \ < 2y since r > 1. We may assume n\ > n 2 exchanging / 
and / if necessary. For / G C [z] , set 

b k = (d k (f-a)/dz k )(z ). 

There is g(z) G C[^ n_ni such that 

f(z) ~ a = Eo<k< ni (h/k\)(z - z Q ) k + g(z)(z - z Q ) n K 

Using the binomial coefficients, we see that 

(2.5.2) A((z - z ) k , z ) =A((z- z ) k , z ) < C(k)y k , 

where C(k) > depends only on k. Applying the Leibniz rule to g(z)(z — zq) 711 and using 
(2.5.1), we then get 

A(f - a, zq) < edAtf, z ) + C 2 A(g, z )y^ , 
where C±, C 2 > (depending only on n,ni). This implies 

(2.5.3) (1 -eCMif^o) < C 2 A(g,z )y^ + \a\. 
On the other hand, the above equation can be modified as 

g(z) = (z- zo)-^{(f{z) - a') + (a' - a)) - £ < fc<ni (Pk/kl)(z - z ) f 
Then (2.5.1) implies similarly 

\(d k g/dz k )(z )\ < eC 3 A(f,z )/y k+ ^+C 4 (\a\ + \a'\)/y k+ ^ for < k < n 2 , 
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where C 3 , C 4 > (depending only on n, ni). Assuming e < (2Ci) 1 and using (2.5.3), we 
then get 

\(d k g/dz k )(zo)\<eC 5 A(g,zo)/y% + Ce(\a\ + \a'\)/y* +n i for < k < n - n u 

where C5, Cq > (depending only on n, Combined with (2.5.2), this implies 

A(g, z Q ) < eC 7 A(g, z ) + C 8 (\a\ + \a\)/y^ for < k < n - m, 

where C^,Cs > (depending only on n,ni). Assuming e < (2CV) -1 , we deduce from this 
and (2.5.3) 

A(f,z ) <C Q {\a\ + \a'\), 

where C9 > (depending only on n,ni). So the assertion follows. This completes the 
proofs of Lemma (2.5), Proposition (2.4) and Theorem (2. 1) (i) . 

2.6. Proof of Theorem (2.1) (ii) . We have Vk = since k > and v G Ker N. So it is 

enough to show 

\(j>(i(u);z,t')\ k < eA(u,z)/y k if u$ = for k' > k. 

Then the assertion is reduced to the nilpotent orbit case by (2.3.2) (replacing e, e', r if 
necessary). In this case we have 

\(/>(l{u); z,t')\ k = if u k j ) = for k' > k, 

because tij^ = for k < by (1.6.2). So the assertion follows. 
From Theorem (2.1) we can deduce 

2.7. Corollary. For any p G V]j v , there is a sufficiently small open neighborhood U p of p 
in V such that 

(2.7.1) tf p nfcf(p), 

where T(p) is the section ofT passing through p if p G T and T(p) = otherwise. 

Proof. In case p G T we may assume p = using the action of T(p) on V. Take i> G 
G^, fl Ker N corresponding to p, and apply Theorem (2.1). Set 

U p = {(v',t) G G<° x A m \\v' -v\ < e,\t 1 \ < e 2?rr , |^-| < rj(j > 1)}, 

where s, rj, r are as in Theorem (2.1). Then, for any u G Gz \ Ker K, (2.1.1) is satisfied for 
some k > 0. So the assertion follows (since r > 1). 

2.8. Proof of Theorem 2. For the first assertion we have to show that for any p G Vd 
in the notation of (1.2), there is an open neighborhood U p in V such that 

(u p - u p ) nf cf(o), 
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where T(0) denotes the zero section. So it is enough to show that for G T(0) over G 5, 
there is an open neighborhood U of in V such that 

(2.8.1) U n (f \ f(0)) = 0. 

Then the assertion follows from Corollary (2.7). 

For the second assertion we have to show that for any pi,p2 G such that 7r(pi) = 
ir(p2) and p := p± — p2 T, there are open neighborhoods Ui of pi in V such that 

{Ux - U 2 ) n f = ifp^f, 

where T(p) C T is the section over S passing p (shrinking S if necessary). So it is enough 
to show that for any p G V|^ v \ T, there is an open neighborhood U p of p in V such that 

(2.8.2) t/ p nf = 0. 
Then the assertion follows from Corollary (2.7). 

2.9. Proof of Theorem 1. Taking a finite covering, the assertion is reduced to the case 
where the local monodromy is unipotent. Let v be an admissible normal function such 
that the local co ho mo logical invariant 7(f) is torsion, see (1.3). Then there is a normal 
function fi whose associated exact sequence (1.3.1) splits after tensoring with Q and such 
that 

liy) = 70)- 

Let z/, Ji be multivalued holomorphic sections of V lifting v and fx respectively. Since fx 
vanishes by the scaler extension Z — > Q, there is a positive integer m such that mfi = 0, 
i.e. Jl is a multivalued section of ^T. Set 

v' = v — fi, v' = v — Ji. 

For the study of the zero locus of z/, it is then sufficient to consider the intersection 

(2.9.1) u'n{v-fU) (c^'nir), 

instead of v n T. Here a section is identified with its image. Since 7(2^) = 0, we may 
assume that v' is univalent and is extended to a section of V. As explained in (1.3), we 
have by a recent theorem of Green, Griffiths and Kerr [8] 

?'(0) G Jf GK (H)°. 

Then, applying Corollary (2.7) to ?'(0) and C V, there is a sufficiently small open 
neighborhood U~,^ of z/'(0) such that 

1 - f ?'ni/~ m if ?'(0) G if, 

2.9.2 irn[/~ ( , m = r v; m J 

10 if^ (0 )^r, 
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where \j! is the section of —Y passing through u r (0) G ^-Y. 

If v'(0) i if or u'(0) G if with 7(1/) / 0, then (2.9.1) is empty (shrinking S 
if necessary) since /? is not a section of T — Ji in the last case. (Indeed, if Ji' + Jl is a 
multivalued section of T, then /7 coincides with — Jl replacing Ji if necessary, and hence Ji 
is univalent. But this contradicts the condition that ■~f(fJ>) = 7(f) 7^ 0.) This implies that 
the zero locus of v is empty on a neighborhood of 0. 

If ?'(0) G ir with 7(1^) = 0, then we may assume /I = 0, v' = m = 1, and 
furthermore z?(0) = replacing if necessary. So the assertion follows from (2.9.2). 

This completes the proof of Theorem 1. 

2.11. Proof of Theorem 3. By definition [8] (see also [10]), the Neron model J GGK (H) 
is the union of Y u := J GGK (H)°| £/(,,), where v runs over normal functions defined over open 
subsets U(u) \ D which are admissible with respect to U(u). We have the identifications 

Y„\u{v)nu(v')\D — Yv'\u(u)nU(v')\D, 

induced by v — v' over U{y) fl U{v') \ D if the cohomology classes of v and v' are different. 
In case they coincide, then the isomorphisms is extended over U{y) fl U(u'). Moreover we 
may assume that the v are torsion since w = — 1. So it is enough to show that for any 
Pi,P2 G 1/£> 1V with 7i(pi) = ir(p2), there exists respectively open neighborhoods U\,Ui of 
Pi,P2 in V such that 

(Ui - u 2 ) n if 

is contained in the sections of —Y over S shrinking S if necessary. Then the assertion 
follows from Corollary (2.7). 

2.12. Remark. The norm in (2.1.1) uses the trivialization (1.8.2), and is quite different 
from the one in [11] and [4] using the Weil operator at each point of S. It does not seem 
easy to generalize the method in this paper to the case D is a divisor with normal crossings 
since at least the multi £X2-orbit theorem [4] will be needed. Note that this case is treated 
in [2]. 
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